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LIIL T^e Refolution of a General Propofuion 
for Determining the horary Alteration of 
the Foftion of the Terr eftrial Equator ^ from 
the AttraBion of the Sun and Moon : With 
fome Remarks on the Solutions given hy 
other Authors to that difficult and impor- 
tant Problem. By Mr. Tho* Simpfon, 

Jr. It. k> 

Read Dec. 22, ^INCE the time, that that excellent 
1757- ^ Aftronomer, my much honoured 
friend Dr, Bradley, publiftied his obfervations and 
difcoveries concerning the inequalities of the preceffion 
of the equinox, and of the obliquity of the ecliptic, 
depending on the pofition of the lunar nodes, ma- 
thematicians, in different parts of Europe, have fet 
themfelves diligently to compute, from phyfical prin- 
ciples, the eifefts produced by the fun and moon, in 
the pofition of the terreftrial equators and to examine 
whether thefe effeds do really correfpond with the 
obfervations 

Two papers on this fubjed: have already appeared 
in the Philofophical Tranfadions ; in which the au- 
thors have fhewn evident marks of fkill and penetra- 
tion. There ii, neverthelefs, one part of the fubjed, 
that feems to have been paffed over without a due de- 
gree of attention, as well by both thofe gentlemen, 
fs by Sir Ifaac Newton himk 

This part, which, upon account of phyfical diffi- 
culties, is indeed fomewhat flippery and perplexing, 
I fhall make the principal fubjed: of this eflay- 
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General Proposition, 

Suppojng an homogeneom Jfhere O A B C D (Fig. i.) 
revolving umformly about i"s centre^ to be a5iei on at 
the extremity A oftlf* radons O A, in a direilion A L 
perpendicuiar to the plane pf ibe equator ABCD, and 
parallel t§ the am of rotation Pp, by a given fore e^ 
tending to generate a new motion of rotation at right 
angles to the former | It is propojed to determine the 
change^ that will arife in the direBion fftbe mtation 
in confe quern e of thefaidforce^ 

Fig* I. 
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Let F denote the given force, whereby the motion 
about the axis P^ is dillurbed, fuppofing/'to rq>re- 
fent the centrifugal force of a fmall particle of matter 
in the circumference of the equator, arifing from the 
fphere's rotation i and let the whole number of fuch 
particles, or the content of the fphere, be denoted 
by r: let alfo the momentum of rotation of the 
whole fphere, or of all the particles, be fuppofed, 
in proportion to the momentum of an equal number 

Vol. 50. Hhh of 
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of particles, revolving at the diftance A of the 
temoteft point A, as n is to unity. 

It is well known, that the centripetal force, where- 
fcy any body is made to revolve in the circumference 
of a circle, is fuch, as is fufficient to generate all the 
motion in the body, in a time equal to that^ wherein 
the body defcribes an arch of the circumference, 
equal in length to the radius. Therefore, if we here 
take the arch A R = O A, and aflume m to exprefs 
the time, in which that arch would be uniformly 
defcribed by the point A, the motion of a particle 
of matter at A (whofe central force is reprefented 
by^) will be equal to that^ which might be uniformly 
generated by the force/^ in the time m 5 and the mo- 
tion of as many particles (revolving, all, at the fame 
diftance) as are expreffed hj en (which, by hypothe- 
fis, is equal to the momentum of the whole body), 
will, confequently, be equal to the momentum, that 
might be generated by the forcej^xr//, in the fame 
time m. Whence it appears, that the momentum of 
the whole body about its axe P/> is in^ proportion to 
the momentum generated in a> given particle of time 
wl^ by the given force F in the diredion AL, as 

ncf^M is to F%m\ or, as unity to — 7K— - (be- 

•^ •^ ncj m ^ 

caufe the quantities of motion produced by unequal 
forces^ in unequal times, are in the ratio of the forces 
and of the times, conjunctly). Let, therefore, AL be 

taken in proportion to A M, a^ ^ K — is to unity 

(fuppofing AM to be a tangent to the circle ARCD 
in A), and let the parallelogram AMNL be com- 
pleated; drawing alfo the diagonal A N j th€n> by 

the 
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the cotnpolition of forces, the angle N A M ( whofe 
tangent, to the radius OA, is exprejSed by OAx 

— ^X— I will be the change of the diredtion of the 

ncf m } ^ 

rotation, at the end of the aforefaid time {m\ But, 
this angle being exceeding fmall, the tangent may be 
taken to reprefent the meafure of the angle itfelf; 
and, if Z be aflumed to reprefent the arch defcribed 
by A, in the fame time {m ) about the center O, we 

ihall alfo have — = j^ = — j, and confequently 

O A X —J X -— = Z- X — > From whence it appears, 

that the angle expreifing the chaage of the dirediort 
of the rotatba, during any fmall particle of time, 
will be in proportion to the angle defcribed about 

the axe of rotation in the fame time, as — % is to 

unity. ^.E.L 

Aldio*, in the preceding propofition, the body U 
fuppofed to be a perfeft fphere, the fokition, never- 
thelefs, holds equally true in every other fpecies of 
figures, as is manifeft from the inveftigation. It h 
true, indeed, that the value of n will not be the 
fame in thefe cafes, even fuppofing thofe of ^, f 
and F to repiain unchanged ; except in the fphe- 
i^oid only, where, as well as in the fphere, n will 
be =:f i the momentum of any fpheroid about its 
axis l^ing i-fths of the momentum of an ^ual 
quantity of matta: placed in the circumference of 
the equator, as is very eafy to demonftrate. 

But to fhew now the ufe and application of the 
general proportion here derived, in determining the 
regrefs of the equinodial points of the terref trial 

Hhh 2 fpheroid. 
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fpheroid, let A E ^ F (Fig. 2 .) be the equator, and 
Fp the axis of the fpheroid : alfo let HE C F repre- 
fent the plane of the ecliptic, S the place of the fun> 
andHAPNH the plane of the fun's declinatiouy 
making right-angles with the plane of the equator 
AE^F: then, if AK be fuppofed parallel, and 
O K M perpendicular, to O S, and there be alTumed 
y and t to exprefs the refpedive times of the annual 
and diurnal revolutions of the earth, it will appear 
(from the Principiay B. III. prop, xxv.) that the 
force, with which a particle of matter at A tends 
to recede from the line O M in confequence of the 

"lit A K 

fun's attraftion, will be exprefled by -t^Xq-v ></;^ 

y denoting the centrifugal force of the fame particle, 
arifing from the diurhal rotation. Hence, by the 

refolution of forces, I^Xqa^oa^^ ^^^^ ^^ ^^^ 
effect of that particle, in a diredion perpendicular to 
O A, to turn the earth about its center O. 



Fig. 2. 
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But it is demonftrated by Sir Ifaac Newton, ancj 
by other authors, that the force of all the particles, 
or of all the matter in the whole fpheroid AP ap^ to 
turn i# about its center, is equal to fth of the force 
of a quantity of matter, placed at A, equal to the 
excefs of the ^matter in me whole fpheroid above 
that in the infcribed fphere, whofe axis is P/. Now 
this excefs (affuming the ratio of ti? to i , to exprefs 
that of the area of a circle to the fquare of the radius) 

will be truly reprefented^by i^x OPxOA^— OP^i 
and, confequently, the force of all the matter in the 
whole earth, by|r|.X^^K0^XjjxOPxOA*— OP^. 
Let, therefore, this quantity be now fubftituted for 
F, in the general formula ^, writings at the fame 

time, i^ K O A^x OP, and |, in the place of their 
equals c and n % by which means we have (here) 

_ ^^K-^-^T—X -Q~^~. Put the given. 

*iii O A*^ ^ O P* 

quantity ~r ^■••"^cJa* — ^^l ^^^ 1^ the angle 
E Ae reprefent the horaiy* alteration of the pofition 
of the terreftrial equator, arifing from the force F 
(here determined), and let the arch E# be the re- 
grefs of the equino€lial point E, correfponding there- 
to: then, in the triangle EAe (confidered as fpheri- 
cal) it will be fin. e t fin. AE (: : fin. E A^ : fin. E^) 

:: EA. : Ee (= ^'"'f f^^ -^ >^ '^ X 

AKxOK , ,, fm- AExcof.AHxfm.AH t> . • 

^ — ^P^.__^ =z M K T — 1> — — . But m 

O A* lin. E 

the triangle EH A, right-angled at A (where HA is- 

fuppofcii 
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fuppofed to reprefent the fun's declination, A E his 
right afcenfion, and HE his diftance from the equi- 
nodlial point E *) we have (perfpherics) 

fin . AE ; i (rad.) : : co-t. E : co-t AH, 
fm. AH*' rfin.EH^* : : M^^"- : i^(r ^,^) 
From whence we get, fin. AE x co-t. AH x fin. AH' 
= fin. E H'^ X co-t. E x finS\ But co-t. AH x 
fin. AH = co-f. AH X I (rad.), and co-L E x fin. E 
= co-f. E X I (rad.) : therefore fin. AE x co-f. AH 
K fin. AH = fin, EH ' X co-f E x fin. E ; and, con- 

y. ^1 t fin. AE X co-f. AH X fin. AH , - -^ 

lequently, k x _-_._ = /e x co-f. E 

xfin.EH»'(=Ef). 

Let, now, the fun's longitude EH be denoted by 
2 (<:onfidered as a flowing quantity) ; then, fin. Z*' 
being =4^' — i co-f 2 Z, we fhall have k x co-f E x 
fm.EH'^ = i ^ X co-f E x i — co-f 2 Z. But the 
angle defcribed about the axe of rotation P^, in the 
time that the fun's longitude is augmented by the par- 

ticle z, will be »= j-x z. Therefore (by the general 

propofition) we have, as i : f ^ x co-f.E x i — co-f. 2"Z 

: : —X 5: : i ^ X7- x co-f E x ^ — z co-f 2 Z, 
the true regrefs of the equinoctial point E, during 
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* INfo ,(BrrcM: strifes from confidering the triangles £A^ and 
A E H, as being formed on the furface of a fphere, tho' the earth 
itfelf is not ac<?ui^t^ly fuch. The angle (E A ^) reprefenting the 
effeft of the folar force, is properly referred to the furface of a 
fphere; therefore (after the meafure thereof is truly determined) 
>the figure APap is itfelf takc^n as a fphere, in order to avoid 
Sb^ trouble of introduping a new fcheme. 

that 
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that time t whofe fluent, f I x --x co-f. E x Z — 

i fin. 2 Z, will confequently be tile total regrefs of 
the point E, in the time that the fun, by his apparent 
motion, defcribes the arch HE or Z ; which, on the 
fun's arrival at the folflice, becomes barely = ikx 

— X co-f..E K an arch of 90"^: the quadruple where- 
of, or i k X |lx co.f. E X 360^ {= H^ X ^-^^^^^ 

X co-f. E X 360°) is therefore the whole annual pre- 
ceflion of the equinox caufed by the] fun. This,. 

m numbers (taking g-. == g3y comes out ^^|^^, k 

— — X o.s>i 7176 X 3^00 = 21" 6"\ 

The very ingenious M. Silvabelle, in his eflay on 
this fubjed, inferted in the 48th volume of the Phi- 
lofophical Tranfadions, makes the quantity of the an- 
nual preceflion of the equinox, caufed by the fun, to 
be the half j only, of what is here determined* But 
this gentleman appears to have fkllen into a twofold 
raiftake. Firft, in finding the momenta of rotation 
of the terreftrial fpheroid, and of a very fleiider ringi 
at the equator thereof 5 which momenta he refers 
to an axis perpendicular to the plane of the fun's 
declination, inftead of the proper axe of rotation, 
fianding at right angles to the plane of the equator. 
The diiFerence, indeed, ariflng from thence, with 
refped to the fpheroid (by reafon of its near approach 
to a fphere) will be inconfiderablej but, in the ring, 
the cafe will be quite other wife 5 the equinoaial 
points thereof being mad© to recede juft twice as faft- 

4 a$ 
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as they ought to do. This may feem the more 
ftrangc, if regard be had to the conclufions, relating 
to the nodes of a fatellite, derived from this very 
aflumptioni But, that thefe conclufions are true, is 
owing to a fecond, or fubfequent miftake, at Art. 
27; vrhere the meafure of the fun's force is taken 
the halfj only, of the true value 1 by means w^hereof 
the motion of the equinoftial points of the ring is 
rMuced to its proper quantity, and the motion of 
the equinodlal points of the terreftrial fpheroid, to 
the half of what it ought to be. 

That expert geometrician M. Cha. Walmfley, in 
his Eflay on the PrecefSon of the Equinox, printed 
in the laft volume of the Philofophical Tranfadions, 
has judicioufly avoided all miftakes of this laft kind, 
refpe<aing the furi's force, by purfuing the method^ 
pointed out by Sir Ifaac Newton ; but, in deter- 
mining the effeft of that force, has fallen into others^ 
not lefs confiderable than thofe above adverted to. 

In his third Lemma, the momentum of the whole 
Earth, about its diameter, is computed on a fuppo- 
fition, that the momentum or force of each particle is 
proportional to its diftance from the axis of motion, 
or barely as the quantity of motion in fuch particle^ 
confidered abftraftedly . No regard is, therefore, had 
to the lengths of the unequal levers, whereby the par- 
ticles are fuppofed to receive and communicate their 
motion: which, without doubt, ought to have been 
included in the confideration. 

In his firft propofition, he determines, in a very 
ingenious and concife manner, the true annual motion 
of the nodes of a ring (or of a fingle fatellite) at the 
earth's equator, revolving with the earth itfelf, about 

its 
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Its cQiter^ in the time of one fiderial iaj. This mo- 
tion he finds to be = ^if:^^^ Then, 

in order to infer from thence, the motion of the equi- 
no6:ial points of the earth itfelf, he, fifft, diminifh^s 
that quantity, in the ratio of 2 to f : Becaufe (as is 
demonftrated by Sir Ifaac Newton in his id Lemma) 
the whole force of all the particles fitnatedwiiiout the 
furface of a fphere, infcribtd in the Jfoheroid, to turi^ 
the body about its center, will be only a-^iths of the^ 
force of an equal numl^r of paiticles iinM>rmly dit-. 
pofed round the whole circumference of the Muator, 

in the falhion of a ring. The quantity^ p.^1 5| ^' »i. 

X r- X -^, X ^6tf j thus ariling, will, therefore, et^ 

prefs the true motion of the equino€iial points of % 
ring, equal in quantity of matter to the excels of thtf 
wliole earth above the infcribed fphere, when the forest 
whereby the ring tends to turn about Its diameter it 
fuppofed equal to the force whereby the earth itlHf 
fends to turn about the fame diameter, in confequenct 
of the fun's attraftion* Thu^ far our author agreeg 
with Sir Ifaac Newton 1 but, in deriving i-otn hetict 
the motion of the equinoctial points of the earth itfel4 
he differs from him ; and, in the corollary to his third 
Lemma, affigns the reafooif, why he thinks Sir Ifaa<; 
Newton, in this particular^ h^Bwmdered Mttk from 
the truth. Inf bad of diminifhing the quantity above 
exhibited fas Sir Ifaac has done) in the ratio of all th^ 
motion in the ring to the motion in the whole earthy 
he diminilhes it in the ratio of the mbtlon of all the 
matter above the furface of the infcribed fphere to the 
motion of the whole earth : which matter, tho' equal 
Vol, 50. I i i to 
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to that of the Ting, has neyerthelefs a different mo- 
mentum, arifing from the different fituation of the 
particles in refped: to the axis of motion. 

But fince the aforefaid quantity, from whence the 
motion of the earth's equinox is derived, as well by 
this gentleman, as by Sir Ifaac Newton, exprcffes truly 
the annual regrefs of the equinodtial points of the 
ring (and not of the hollow figure formed by the 
faid matter, which is gteater, in the ratio of 5 to 4) 
it feems, at leafl, as reafonable to fuppofe, that 
the faid quantity, to obtain from thence the true 
regrefs of the equinoctial points of the earth, ought 
to be dirninifhed in the former of the two ratios 
above fpecified, as that it fhould be diminifhed in the 
latter. But, indeed, both thefe ways are defective, 
even fuppofing the momenta to have been truly 
Computed J the ratio, that ought to be ufed here, 
being that of the momenta of the ring and earth 
about the proper axe of rotation of the two figures, 
flanding at right-angles to the plane of the ring and of 
the equator. Now this ratio, by a very eafy com- 
putation, is found to be as aja^ — 229^^ to f of 2^0*% 

whence the quantity fought comes out = ^^ ' 7- — ^ 

X ' ><1E!Z-^ X 360- = 2 1't'': which is the 
366^ 230* -^ 

fame that we before found it to be, and the double 
of what thi& author makes it. 

Whit has been faid hitherto, relates to that part 
of the motion only, arifing from the force of the fun. 
It will be but juflice to obferve here, that the efFeift of 
the moon, and the inequalities depending on the 
pofition of her nodes, are truly affigned by both the 

gentlemen 
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gentlemen above-named ; the ratio of the diameters of 
the earth, and the denfity of the moon being fo af- 
furaed, as to give the maxima of thofe inequalities, 
fuch as the obfervations require : in confequence 
Mrhereof, and from the law of the increafe and decreafe 
(which is rightly determined by theory, tho' the 
abfolute quantity is not) a true folution, in every other 
circumftance, is obtained. 

The freedom, with which I have expreffed myfel4 
and the liberty I have here taken, to animadvert 
on the works of men, who, in many places, have 
given inconteftible proofs of fkill and genius^ niay, 
I fear, ftand in need of fome apology. 'Tis poflible 
I may be thought too peremptory. Indeed, I niight 
have delivered my fentiments with more caution and 
addrefs : but, had not I imagined myfelf quite clear 
in what has been advanced, from a multitude of con- 
current reafons, I ihould have thought it too great 
a prefumption to have faid any thing at all here, on 
this fubjeft. The great regard I have for this So- 
ciety, of which I have the honour to be a member, 
will, I hope, be confidered as the motive for my 
having attempted to red:ify fome overfights, that 
have occurred in the works of this learned body. 
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